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Criteria for the instability of the equilibrium of gyroscopically coupled systems, when the gyroscopic forces may be predominant,
are presented. It is shown that the clear predominance of gyroscopic forces over potential forces still does not ensure stability
of the equilibrium. The structure of the potential forces remains the key here. As an example, the problem of the stability of the
steady-state motions of an artificial satellite is considered. © 2000 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

Consider the holonomic system, with n degrees of freedom

d oL dL
= = 1.
dr dq 9dq 0 (1)
the Lagrangian of which has the form
L(9.9) = L(q. @)+ Li (4. )+ Lo(@) = 4" A(Q)q +1(@)7 4 + Lo(q) (12)

We shall assume that L(q, q) € C* (Dq X R"), the quadratic form Ly(0, q) is positive definite and the
point q = q = 0 corresponds to the equilibrium position of system (1.1), (1.2), and £(0) = 0,
Ly(0) = 0.

It is well known [1, 2] that the problem of the stability of steady motions reduces to Egs (1.1) with
Lagrangian (1.2). The criteria for the instability of such motions, that is, of the equilibria of system (1.1),
(1.2), is usually referred to as the inverse of Routh’s theorem {1, 3].

If the function q = 0 has a strict local maximum at the point Ly(q), then, by Routh’s theorem [4],
the steady motion (the equilibrium position q = q = 0) of system (1.1), (1.2)) is stable. If, however,
there is no maximum, then stability caused, in particular, by the stabilizing action of gyroscopic forces,
as well as instability can occur [5, 6]. In this case, the issue of the gyroscopic stabilization of the
equilibrium of system (1.1), (1.2) remains somewhat unclear.

2. THE INSTABILITY OF EQUILIBRIUM UNDER CONDITIONS WHEN
GYROSCOPIC FORCES ACT

We shall assume that generalized coordinates are chosen in such a way that

Lo(@) = LP @)+ L§ (@) + R(q). R@) =o(lql™) 2.1)
LP(q) =% 2": AgZ, const=1, <0 (2.2)
k=3

where L&V (q) is a homogeneous form of degree m > 2.
We will denote by ‘¥(q) the restriction of an arbitrary function ¥(q), including a vector function, to
the set of zeros of the quadratic form L? (q).
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54 S. P. Sosnitskii

Theorem 1. Suppose that, together with the initial assumptions regarding the Lagrangian L, equalities
(2.1) and (2.2) hold and, furthermore,

a3
1) 3L 8q 0, Ve R*\{0};

A\

2) the function L(gr)(Q) does not have an extremum at the point ¢, = g, = 0;
3) detG*(0) # 0, where G*(q) is a 2 X 2 matrix, obtained from the matrix

G(q) = (849)). gi(q) = (Of/0q;—fifdq), i.j=1,...n
by cancelling the last n — 2 rows and the last n — 2 columns;

4) lim ||9R/3qll(lql)™"*'"* =0, const=0>0.
ligii—0

The equilibrium position q = q = 0 of system (1.1), (1.2) is then unstable.
Proof. Making the substitution
oL, /34 =Aq=p
in (1.1), we arrive at the system of equations
q=0H/3p, p=-3H/dq-GA™'p (23)
H(a.p)= Y%4p" A™ (@)p - Ly(q) = h = const (2.4)
By Condition 2 of Theorem 1, the set
Q{(g.p)es. ={(q,p)e Dy xR", llq@pll<e}: H(q,p)=h =<0}

is a non-empty set.
From equality (2.4), taking account of relations (2.1) and (2.2), we have

lIpliz < Alqii™, V(q, p) € Q. 0<A = const 2.5)
Noting that the inequality
~LP(q)< L§"(q) + R(@) (2.6)
holds for the set €2, as a consequence we obtain

m/2

g2 <u(gf +q3)™'?, const=p>0 27

M=

k=3

We rewrite the first two equations of the second vector equation of system (2.3), (2.4) in the
form

p=-Gq-3HIdd, p=(p.p) (2.8)

where Gy = (g,;) is a 2 X n matrix and r = 1, 2. Multiplying respectively the left-hand and right-hand
sides of Eq. (2.8) initially by the matrix (G*(q))™" and then by the matrix G, = G*(0), we obtain

Go(G?)'p = -Gk — G,y — 9H 1 3%+ O((3H 1 3x) (| q ) 2.9)
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where
Gox+G,y =Go(GH)'Gia, x=4=(41.4))". y=(g3.:49,)"
In system (2.9) we now make the change of variables
Go(G1) ' p+Gyx+ Gy =Gz (2.10)
Noting that
x=2-(G®)'p-G;'Gyy

and taking relation (2.5) into account, we have, instead of (2.9),

Goi=(co(cz)")|"»+c';2y+alo/ax' +0(lqll™) (2.11)

x—z-(G%)! #-G;'Gyy
Here O(]lq||™) denotes a vector, each component of which in the neighbourhood of the point z = 0

is of the order of smallness }|q]|™.
Since

(Go(GH'y =0llpl), G, =0dpl)

where O(||p||) denotes a matrix of the corresponding dimensionality with elements of the order of
smallness ||p||, taking inequalities (2.5) and (2.7) into account, we obtain, instead of (2.11).

- _ 7(m (m-1+p)
Got = LG (3,21 320 + OUl 2 ™) 2.12)
V(g,p) e, 0<P=const

Here, the term O(Jjz||™*®), similar to that described above, is a vector, each component of which
in the neighbourhood of the point z = 0 is of the order of ||z||*~'*®. Furthermore,

(0L (v, 21132 o )0 = 0

UG (y.2)/ 37,0 #0, Vze R*\{0)

Since detGy = 0 then, in accordance with the available results [7] (also see [8] in this connection),
the vector equation

xG2(0)§=3LE’/dq, = = const

has a non-trivial, real solution q = ¢ € R*(||¢|| # 0). Hence, a non-singular transformation v = Bz
exists, where B is a constant matrix, which reduces Eqs (2.12) to the form

V=V D)+ o vi™"®) (2.13)

where V™ D(v;, 0) = (@', 0)7, a € {1, -1}.
Next, following Zubov [9], we consider the auxiliary equation

z=—-az™" (2.14)
the solution of which has the form

z=zll + 2§™ 2 (m - 2)ar] =2 (2.15)
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We shall assume that z, > 0.
Without loss of generality, we puta = 1 in (2.13) since, otherwise, a system with the Lagrangian L(q,
~q) could have been considered as the initial system. Making the change of dependent variables in (2.13)

v=z(-e+w), e=(1,0)" (2.16)
instead of (2.13), we have
w = —iw+ 2" Fw + 2B (w1, wy) (217)
where
M he
F= "0 fn

is a matrix with constant elements f,,(r,s = 1, 2) and fy; = -m + 1.
On changing, using (2.15), to the new independent variable, we obtain from (2.17)

—zdw/dz = w + Fw + 2Bf(w; — 1, wy) (2.18)

The function f(w; - 1, w,) at the point w = 0 does not vanish in the general situation and, moreover,
the number B can also be less than unity. Next, putting

¢ = -Inz (2.19)
and making the substitution z; = z*, we obtain
dw/do=w+ Fw+bz +o(|(z,w) ). dz/de=-Bz (2.20)

where b is a constant vector and o( || (z;, w)||) denotes a vector with components of a higher order of
smallness in the neighbourhood of the origin than ||z, w)”||.
The corresponding secular equation of the linear approximation of system (2.20)

-m+2-7 f, b
0 1+ f22 - }\- b2 = O (2.21)
0 0 B-2

has at least two real negative roots from which, by relations (2.15) and (2.19) and taking account of
equality (2.16), we conclude that a solution of system (2.13) exists which tends asymptotically to the
point v = 0 when ¢ — . Noting that system (2.13) is the result of a transformation of system (2.3),
(2.4) and taking account of the result obtained earlier ([10}, a consequence of Lemma 1), we conclude
that asymptotic motions to the equilibrium position under investigation q = q = 0 exist both when ¢
— o and when ¢ — —oo. The instability of the equilibrium position being investigated is thereby proved.

Corollary. The equilibrium position q = p = 0 of a Hamiltonian system with a Hamiltonian of the form
H(q.p)= >:2 A (q; + pi)+H'™(q,p)+ R(q,p) (2.22)
k=

where H™)(q, p) is a homogeneous form of order m > 2 and R(q, p) = o(||q ® p||™), H(g, p) € Cz(qu;)
is unstable if the numbers A, are non-zero and of the same sign and the following conditions are also satisfied:

A\
1) @H'"™z)#0, Vze RA{0}

VAN
where (...) and z respectively denote a restriction of the quantity in brackets and the vector q @ p to the
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set of zeros of the quadratic form H (2)(q, P);

PN
2) the functions H®)(q, p) do not have an extremum at the point g; = p; = 0; (q, p)

3) lim |I9R/3(q@p)lliq@pl)™™*'"* =0, const=a>0.
lq@pli—-0

It is assumed under the conditions of Theorem 1 that all the coefficients of the quadratic form Lﬂ,z)(q),
apart from A, = A, = 0, are negative. It is natural to pose the question: if there are more than two zero
numbers among the A, is it possible within the framework of this approach to arrive at any constructive
assertion? The answer to this question turns out to be yes.

In accordance with what has been said above, we modify the structure of the function L{(q) by
putting

|
L%Z)(q)=5k§,+llkqf, =3, const=}, <0 (2.23)

Theorem 2. Suppose equalities (2.1) and (2.23) hold and, furthermore,

1) ALY /3g, r#0, Vr=12, (g.9,)€ R \{0);

q=(q1.92.0....,0)

=0, Vr=34,..}

2) A 12g,

9=(g1.42.0....0)7

3) the function LE (g1, g2, 0, ..., 0) does not have an extremum at the point g1, = g5, = 0;

4) detG'(0) # 0, where G'(q) is an X / matrix which is obtained from the matrix G(q) by cancelling
the last n — I rows and the last n — I columns;

5) Jim 1 OR/3ql(lqI)~™*""* =0, const=0>0

Then, the equilibrium position q = g = 0 of system (1.1), (1.2) is unstable.

Proof. We rewrite the first [ equations of the second vector equation of system (2.3), (2.4) in the form
p=-Gq-0H/dq (2.24)

where p = (p;, ...,p,)T, Gi=(gyisanlXnmatrixr=1,..,5j=1,..,n

Next, following the argument used in the proof of Theorem 1, we arrive at a system of equations of
the form of (2.12), in which Gy = G(0),y = (g141, .-, g»)". On the basis of Conditions 1-3 of Theorem
2, we conclude that a non-singular, linear transformation exists which reduces equations of the type
(2.12) to the system of / equations

v=V" D00 v *B) (2.25)
where V™ (v,, 0, ..., 0) = (av71,0, ...,0)T,a ¢ {1, -1}.

Then, applying the method used in the proof of Theorem 1, we obtain a system of the type (2.20),
the corresponding secular equation of the linear approximation of which has the form

-m+2-A f, U ¥ b
0 fiz e T+ fy-A b
0 0 .. 0 B-2

As before, this secular equation has at least two real negative roots which enables us to conclude that
Theorem 2 holds.
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Corollary 1. If all the numbers A, in expression (2.23) vanish, then Conditions 2 and 4 of Theorem
2 become the following conditions

(m) = = .
2%) Ly 1 aq, 0=(01.92.0,..0) =0, Vr=3,4,..,n;

4%) detG(0) # 0.

Corollary 2. Suppose the function LE(q) is a homogeneous form of odd degree m = 3. Then,
Conditions 1-3 of Theorem 2 can be replaced by the single condition

A
aLE"3q 20, YaeR \(0)

where the symbol “7 ” denotes a restriction of the quantities q and aL{™M/q to the set of zeros of the
function LP(q) defined by equality (2.23).

Proof. The conditions of Corollary 2 always ensure the existence of a non-trivial real solution
q = ce R(||c]| # 0) of the vector equation

A\
A
%G (0)g = oL"0/Pa, x = const

which then enables as to use the scheme for the proof of Theorem 1.

Corollary 3. The equilibrium position q = p = 0 of a Hamiltonian system with a Hamiltonian of the
form

H@p)= 3 Ay(g2+pD)+H™(q,p)+R(a,P)
k=141

R@.p)=o(lqa®pl™); H(a.p)eC*(DZ)

where H™)(q, p) is a homogeneous form of odd order m = 3, is unstable if the numbers A, # 0 have
the same sign and the following conditions are satisfied

T
PN P 5
1) @H"/3(q®p)) #0, V(qg@p)eR*\(0)

AN
where the symbol “2 ” denotes a restriction of the magnitudes of q @ p and 0H™/3(q®p) to the set
of zeros of the quadratic form H®(q, p);

2) lim ||0R/3(q®p)li(liq®Pp ||)‘"'+"°l =0, const=0a>0.
liq®pii—0

3. THE INSTABILITY OF SYSTEMS WITH
TWO DEGREES OF FREEDOM

Theorems 1 and 2 presuppose that the Lagrangian has a very special structure which holds in far
from in all cases of gyroscopic systems. In particular, in the proof of Theorems 1 and 2 (apart from the
case when it is required that the number m is odd), it is essential that a certain subsystem with two
degrees of freedom may separate out in the initial system which would then enable the stability
investigation to be reduced to a certain standard situation. In this connection, it is of interest to consider
in greater detail systems with two degrees of freedom expecting the stronger results to be obtained in
this case.
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To investigate the stability, we use Hamiltons’ action function [10-12] (the prime denotes a time
derivative)

!
S=[ Lq.q)dr (3.1)
0

Assuming that the solutions of system (1.1), (1.2) with the origin at D, X R" are extendable along
the whole axis ¢ € R, we can represent the action function in the form

§=5"(1.q(®).q" (M) (3.2)

The assumption regarding the extendability leads to no loss of generality in the treatment if account
is taken of the fact that the following discussion is concerned with the instability of an equilibrium.

Theorem 3. Suppose n = 2 and a number € > 0 (D, 2 §,) exists for which the following conditions
are satisfied

1) o={ges, ={qe Dllqli<e): Lo(q)>0}#0, O €Jw;

2) the set o does not contain the cycle encircling the point q = 0;
3) detG(0) = 0;

4) dly/dq#0 VYqes, \O.

The equilibrium position q = q = 0 of system (1.1), (1.2) is then unstable.

Proof. Under the conditions of Theorem 3, when account is taken of Darboux’s theorem (see [7, 13]),
generalized coordinates can always be chosen such that

Ly = (=929, + 9142)
We represent Egs (1.1) in the Hamiltonian form

oH . oH
» P

qb@? dq

(3.3)
H(q,p)= %pTA"p -p ATt - L, +-;—fTA"f = h = const

Taking (3.3) into account, we rewrite the action function S, which is defined by equality (3.2), in the
form

* H *
S(t,q,p)=S$ (t,q(t),%;(t)) lo= S (z.q(z). p(T) I

In accordance with the initial assumptions and the conditions of Theorem 3 §7 € C'(R X s).
We now consider the set

Q" =((q.,p)es; ={(q,p)e Dy xR", lq®pli<e}: H(q,p)=h=0}

The set Q* is non-empty on the basis of Condition 1 of Theorem 3.

We assume that the equilibrium position q = p = 0 of system (3.3) is stable and we denote the set
of positive limit points of its trajectories by A*. By the assumption of stability A* N Q*\{0, 0}
= Ag # 0. The set Ag, as it consists of the positive limit points of the trajectories belonging to Q*, is
compact and, therefore, contains the minimum set I'(q, p) C A§ [14, p. 401]. This last set is distinct
from the equilibrium state according to Condition 4 of Theorem 3. The set T is also compact since it
is a closed subset of the set A§. Hence, in accordance with Birkhoff’s theorem [14, p. 402], we conclude
that any trajectory y C I is recurrent and thereby stable in Poisson’s sense [14, p. 363), that is, a sequence
{t,} (k = 1, 2, ...) exists such that
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Jim 1, =eo, lim | q(t,.90,Po) ® Pt Q0. Po) I Qo @ o Il V(qo.Po) €Y

Together with (3.3), we now consider the auxiliary system

. 1 oH . 1oH 5, 5
q= —, p:_._—__; q =gq +q 34
q2 ap q2 aq 1 2 ( )

Since T C Q*\{0, 0}, the expression y C T does not vanish on any trajectory q°. Hence, if one confines
oneself solely to a consideration of the set of trajectories I', neglecting the velocities of motion of
corresponding representative points along these trajectories, then, when Condition 2 of the theorem
is taken into account, we conclude that auxiliary system (3.4) is equivalent to system (3.3).

We now consider the derivative of the function S1(¢, q, p) of the vector field with respect to ¢, which
is defined by Eqgs (3.4). As a result, we obtain

das, 9§ oS, dH 98, oH
N [aq a9 9q (35)
Since, by Lemma 2 from [10],
95,/9t=0, VY(q,p)eQ’ (3.6)
equality (3.5) can be rewritten in the form
L(q, + ~goqy + 914
=-—L( ) (q P _ (qu Ly, ¢ ‘12‘11‘]2 992) 3.7)

We mtegrate equahty (3.7) along a segment of the positive half-trajectory which is stable in Poisson’s
sense ¥4, C T(Yo,x = {q(t), p(®) : t e [0, 4] C R*, 1, € {}}] of system (3.4). As a result, we obtain

t
[ dS, = f —22-L,zdt+(p|{,* ¢ = arccos 2L (3.8)
o4 llall

Yox

According to Condition 2 of the Theorem 3, the second term on the right-hand side of equality (3.8)
is bounded. As far as the first term is concerned, noting that the expression for L, is non-negative and
that L, # 0 in any trajectory passing through Q*\{O 0}, by the mode of reasonmg given in [10], we
arrive at the conclusion that, when #, —» e, it is unbounded from above in g 4. At the same time, since
the function S; does not have any smgularltles in s¢, the result of integration of the left-hand side of
equality (3.8) can be represented in the form

[ dSi = S (4.0, p()) - 5’ 0,(0), p(0)) (3.9)

+
Yo

Since values of the function (q(t;), p(t)) which are bounded from above correspond, when account
is taken of (3.6), to a point $% which returns to the initial point (q(0), p(0)) when ¢, — ==, we conclude
on the basis of relations (3.9) that equality (3.8) is contradictory. Consequently, the assumption regarding
the stability of the equilibrium position g = ¢ = 0 of system (1.1), (1.2) is untrue. Theorem 3 is proved.

Corollary. Under the conditions of Theorem 3, solutions of system (1.1), (1.2) exist which asymptotically
tend to the equilibrium position q = q = 0 when ¢t — o and t — —oo.

Proof. It follows from the scheme for the proof of Theorem 3 that the set Q*\{0, 0} does not contain whole
trajectories. Hence, using the approach which has been described previously in [10, p. 92}, we conclude that the
corollary holds.

Theorem 3 generalizes the results concerning systems with two degrees of freedom obtained previously in [7, 15].

Remark. Condition 2 in Theorem 3 is essential as can be seen from the example of the system
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41—27\42=2'[i, iiz+27\q'|=gli; const=A =0
aq, ag

5 (3.10)
Lo(@)=Lo(g*)eC?
where the point g, == g; = 0, as above, corresponds to an equilibrium position.
As a result of the change of variables
x =coshg; —sinkig,, y=sinlig, +coshig, (3.11)
which satisfies the equality: ¢* = x* + ¥, instead of (3.10), we obtain
x+x2x=9ﬁ. j}+k2y=il—'i

ox dy : (3.12)

Lo(x2 +y2) = Ly(q? +43)

Hence, as a consequence of transformation (3.11), system (3.10) becomes the natural system (3.12), the energy
integral of which takes the form

%(kz +)"2)+-;-7t2(x2 +y2) - Ly(x? +y?)= h = const (3.13)

Since Ly e C% x = y = 0 in the neighbourhood of the point Ly(x* + %) = O(? + y?) as the equilibrium position
of the system. Hence, owing to the choice of the constant A, it is always possible to ensure that the potential energy

n=lk2(x2+y2)—lo(xz+)'2)

of the natural system which has been obtained has a strict local minimum at the pointx =y = 0, regardless of the
value of Lo(x* + y%), and that the equilibrium position x = y = 0 is thereby stable. It is obvious that the possibility
of Condition 2 of Theorem 3 being satisfied is precluded by the structure of the function Ly(x* + y?).

Example. We will now consider the problem of the stability of the steady motions of an artificial satellite
which is a dynamically symmetric rigid body, the central ellipsoid of inertia of which is an ellipsoid of
revolution [2, p. 92]. The Lagrange function has the form

L= %—A[éz +2sin? 6+2w0(ésinw +\ilsin9cosecosw)-co(2, sin? 8 cos? yl+
1 .. . 2 3 ., 2
+EC((p+wcose—(nosmﬂcos\v) —Emo(C—A)cos 0

Here A and C are the principal central moments of inertia of the satellite; 0, y, @ are the Euler angles
by means of which the position of the satellite in the orbital system of coordinates is defined, and
is the angular velocity of the centre of mass of the satellite in its motion in the orbit.

Since the angle of natural rotation ¢ is a cyclic coordinate, we have

g_g=a¢+¢cose-wo sinBcos y) = Cwd = const (3.14)

Integral (3.14) reflects the constancy of the projection of the instantaneous angular velocity of the
satellite onto its axis of dynamic symmetry.
Eliminating the cyclic coordinate, we obtain Routh’s function

R:= %A[é2 + 2 sin? 0+ 204 (Bsin v + Vs sin O cos B cos y)] + Cw Ty cos 8 — W

W= %mg(c- A)cos’ 9+%Amf, sin? ©cos? y + Codo, sinOcos y +%C(o‘3’z



62 S. P. Sosnitskii

(W is the reduced potential energy).
The relative steady motions of a satellite, the centre of mass of which moves uniformly in a circular
orbit, are determined from the equations

W _ W
22" _9
% "oy (3.15)

We will confine ourselves to considering one of a series of solutions of system (3.15) [2, p. 94]

Cw?
, COSYy=——2 (3.16)

0, =
0 Aw,

(SER-]

On putting, in the perturbed motion,
0=0+x,y=yy+y

in a small neighbourhood of solution (3.16), we have

W, y)- W( \yo):—wo(c A)sin x+;Awo(l cosZ\po)sinzy+

1 . o : 1 C? . .
+—2—Aa)§ COs Y sin Y sin y(sm2 x +sin? y)+-§ —A—wgz(sm“ x+ sin? y)+
2

+%[—Aw§(l - cos? w0)+% -i—mgz]sinz xsin? y + o[(sin® x +sin? 2 (3.17)

R ¥, 6, ¥)-R(0, 0, =, y,)=Awgcosyoyi—~
~(Awy cos Yg + Cod)xy + O(x2 +y2)<|x|+|y|>

In addition to the result which has been obtained previously [2, p. 97], we consider the case when
the Poincaré stability coefficients can vanish. From Theorem 3, taking account of equality (3.17) and,
also, the fact that g;,(0, 0) = —g21(0 0) = —Cw} in the problem being considered, we conclude that
steady motion (3.16) is unstable in the following cases

1) A > C, |cos yy| = 1;

2) A=C,0 < |cos y| < 1.

On the other hand, by Routh’s theorem, steady motion (3.16) is stable if any of the following conditions
hold

1) A <C, |cos yy| < 1;

2) A =C, |cos yy| =
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